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sth-POWER-FREE POLYNOMIALS
IN SHORT INTERVALS AND IN ARITHMETIC PROGRESSION
SUSHMA PALIMAR
Abstract. We study the variance of sums of indicator functions of sth-power-free poly-
nomials in arithmetic progression and in short-intervals in the context of the ring Fq[t]
of polynomials over a finite field Fq of q elements in the limit q → ∞. We use a re-
cent equidistribution result due to N.Katz to express these variances, in terms of matrix
integrals over the unitary group, and evaluate them.
1. Introduction
The goal of this note is to investigate the fluctuation of sums of sth-power-free polynomials
for s ≥ 2 in the context of the ring Fq[t] of polynomials over a finite field of polynomials
of q elements, in the limit q → ∞. Denote by αs, the indicator function of sth-power-free
polynomials. We study the variance of the sum of αs in arithmetic progression and in short
interval, in the context of the ring Fq[t] of polynomials over a finite field Fq of q elements,
in the limit q →∞.
2. sth- power-free polynomials
Let Fq be a finite field of an odd cardinality q, andMn be the set of all monic polynomials
of degree n with coefficients in Fq. A polynomial in Fq is a sth-power-free polynomial if
every root has multiplicity of atmost s− 1. We denote by αs the indicator function of sth-
power-free polynomials. i.e.,
(2.1) αs =
{
1 if f is sth-power-free
0 otherwise.
The mean value of αs over all monic polynomials of degree n is defined to be
〈αs〉 :=
1
qn
∑
f∈Mn
αs(f)
Let Polysn(Fq) denote the set of sth-power-free monic polynomials of degree n > 1. Then
the total number of monic sth-power-free polynomials of degree n > 1 is given by
|Polysn(Fq)| =


qn − qn−s+1 if n ≥ s
qn if 0 < n < s
1 if n = 0
The generating function for the number of monic sth-power-free polynomial of degree n is
∞∑
n=0
∑
f∈Mn
αs(f)u
n =
Z(u)
Z(us)
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where Z(u) is the Zeta function of Fq[t], given by the product over monic irreducible poly-
nomials in Fq[t]:
Z(u) =
∏
p
(1− udegp)−1 =
1
1− qu
Therefore by expanding and comparing coefficients, we have,∑
f∈Mn
αs(f) = q
n(1−
1
qs − 1
)
2.1. Arithmetic progression. Let Q ∈ Fq[t] be a square-free polynomial of positive de-
gree. The sum of αs over all monic polynomials of degree n lying in the arithmetic progres-
sions f ≡ A (mod Q) is
(2.2) Sαs;n;Q(A) :=
∑
f∈Mn
f=A mod Q
αs(f)
The average of this sum when we vary A over residue classes coprime to Q is
(2.3)
〈
Sαs;n;Q
〉
=
1
Φ(Q)
∑
f∈Mn
(f,Q)=1
αs(f)
where Φ(Q) is the number of invertible residues modulo Q. Variance of Sαs;n;Q is defined
to be the average of the squared difference betweeen Sαs;n;Q and its mean value.
(2.4) V ar(Sαs;n;Q) =
1
Φ(Q)
∑
A mod Q
(A,Q)=1
|Sαs;n;Q −
〈
Sαs;n;Q
〉
|2
2.2. Short intervals. A short interval in Fq[t] is a set of the form
I(A;h) = {f : ||f −A|| ≤ qh}
where A ∈Mn and 0 ≤ h ≤ n− 2 and the norm is
||f || := #Fq[t]/(f) = q
degf .
The cardinality of such a short interval is
#I(A;h) = qh+1 := H.
We define for 1 ≤ h < n and A ∈ Mn
(2.5) Nαs;h(A) :=
∑
f∈I(A,h)
αs(f)
be the number of sth-power-free polynomials in the interval I(A;h). The mean value of
Nαs;h when we average over A ∈ Mn is
(2.6)
〈
Nαs;h
〉
:=
1
qn
∑
A∈Mn
Nαs;h
The variance of Nαs;h by definition is given by,
(2.7) V ar(Nαs;h) :=
1
qn
∑
A∈Mn
|Nαs;h)−
〈
Nαs;h)
〉
|2
In section 4, we compute the variance of Sαs;n;Q and Nαs;h.
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3. Dirichlet Characters and Katz’s equidistribution results
We recall standard material from Section 3 of [5] and Section 3 of [6]. For, Q(t) ∈ Fq[t],
a polynomial of positive degree, Φ(Q) is defined as the order of the group (Fq[t]/Q)
×, that
is the number of residues modulo Q which are coprime to Q. A Dirichlet character modulo
Q is a homomorphism:
χ : (Fq[t]/(Q))
× → C×.
One can extend χ to Fq[t] by defining it to vanish on polynomials which are not coprime to
Q. A Dirichlet character needs to satisfy the following:
• χ(fg) = χ(f)χ(g) for all f, g ∈ Fq[t]
• χ(f + hQ) = χ(f) for all f, h ∈ Fq[t]
• χ(f) = χ(g) for all f, g ∈ Fq[t] such that f ≡ g mod Q
We denote by Γ(Q) the group of all Dirichlet characters modulo Q. Note that |Γ(Q)| is the
Euler totient function Φ(Q). The orthogonality relations for Dirichlet characters are:
(3.1)
1
Φ(Q)
∑
χ mod Q
χ(f)χ(g) =
{
1 if f ≡ g mod Q
0 otherwise.
From this a standard argument shows that,
(3.2)
1
Φ(Q)
∑
A mod Q
χ1(A)χ2(A) =
{
1 if χ1 = χ2
0 otherwise.
Recall that a Dirichlet character χ is even if χ(cf) = χ(f) for all scalars c ∈ F×q , and we
say that χ is “odd” otherwise. The trivial character is denoted by χ0. A character χ is
primitive if there is no proper divisor Q′|Q so that χ(F ) = 1 whenever F is coprime to Q
and F = 1 mod Q′.
Γprim(Q)- the set of all primitive characters mod Q, |Γprim(Q)| := Φprim(Q)
Γevprim(Q)- the set of primitive even characters mod Q, |Γ
ev
prim(Q)| := Φ
ev
prim(Q)
Γoddprim(Q)- the set of primitive odd characters mod Q, |Γ
odd
prim(Q)| := Φ
odd
prim(Q)
Γd−prim(Q) - the set of all characters χ modulo Q such that χ
d is primitve for the fixed
integer d > 0, |Γd−prim(Q)| := Φd−prim(Q).
Γd−oddd−prim(Q)- is the set of all characters χ modulo Q such that χ
d is primitive and odd for
the fixed integer d > 0, |Γd−oddd−prim(Q)| := Φ
d−odd
d−prim
As q →∞ almost all characters are primitive in the sense that,
Φprim(Q)
Φ(Q)
= 1 +O(
1
q
),
the implied constant depending only on degQ.
Moreover as q →∞ with degree Q fixed, almost all characters are primitive and odd.
Φoddprim(Q)
Φ(Q)
= 1 +O(
1
q
),
the implied constant depending only on degree Q.
For the number of primitive even characters, we consider the polynomial Q(t) of the form,
Q(t) = tm,m ≥ 2. Then, the number of primitive even characters modulo tm is Φevprim(t
m) =
qm−2(q − 1), there are O(qm−2) non-primitive even characters mod Tm.
Dirichlet L-function. The L-function L(u, χ) associated to a Dirichlet character χ mod Q
is defined as the product over all monic irreducibe polynomials in Fq[t].
L(u, χ) =
∏
p∤Q
(1− χ(p)udegp)−1
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The product is absolutely convergent for |u| < 1/q. If χ = χ0 is the trivial character modulo
Q, then
L(u, χ0) = Z(u)
∏
p|Q
(1− udegp),
where
Z(u) =
∏
pprime
(1− udegp)−1 =
1
1− qu
is the Zeta function of Fq[t]. Also set ζq(s) := Z(q
−s). If Q ∈ Fq[t] is a polynomial of
degQ ≥ 2, and χ 6= χ0 a nontrivial character mod Q, then the L function L(u, χ) is a
polynomial in u of degree degQ − 1. Moreover if χ is an even character, then there is a
trivial zero at u = 1. We may factor L(u, χ) in terms of inverse roots:
L(u, χ) =
degQ−1∏
j=1
(1− αj(χ)u).
The Riemann Hypothesis proved by Andre Weil (1948), asserts that for each (nonzero)
inverse root, either αj(χ) = 1 or |αj(χ)| = q
1
2 .
If χ is primitive and odd character modulo Q, then all inverse roots αj have absolute value q
1
2
and for χ primitive and even the same holds except for the trivial zero at 1. We then write
the nontrivial inverse roots as αj = q
1
2 eiΘj and the L-function (for a primitive character χ)
is
(3.3) L(u, χ) = (1− λχu)
−1det(I − uq
1
2Θχ)
Θχ, a unitary matrix given by, Θχ = diag(e
iθ1 , ..., eiθN ) which determines a unique conjugacy
class in the unitary group U(N), where N = degQ −1 and λχ = 0 for odd character χ and
N = degQ − 2 and for χ even, λχ = 1. The unitary matrix Θχ is called the unitarized
Frobenius matrix of χ.
Katz equidistribution results.
Theorem 3.1. (1) [1] Fix m ≥ 4.
The unitarized Frobenii Θχ for the family of even primitive characters modT
m+1
become equidistributed in the projective unitary group PU(m− 1) of size m− 1, as
q goes to ∞.
(2) [3] If m ≥ 5 and in addition the characteristics of the fields Fq ≥ 2s + 1, then
the set of conjugacy classes (Θχ,Θχ2 , ...,Θχs) become equidistributed in the space of
conjugacy classes of the product (PU(m− 1))s as q goes to infinity.
This theorem enables us to replace the average over primitive even characters modulo
T n−h by a matrix integral over the projective unitary group PU(n − h − 2) (in equation
(4.11)).
Theorem 3.2. (1) [2] Fix m ≥ 2. Suppose we are given a sequence of finite fields
Fq and squarefree polynomials Q(T ) ∈ Fq[T ] of degree m. As q →∞, the conjugacy
classes Θχ with χ running over all primitive odd characters modulo Q, are uniformly
distributed in the unitary group U(m− 1).
(2) [4] If in addition s ≥ 2 and we restrict characteristics of fields Fq is bigger than s,
then the collection of s-tuples of congugacy classes Θχ,Θχ2 , ...,Θχs with χ running
over all characters such that χ, χ2, ..., χs are primitive odd characters modulo Q,
become equidistributed in the space of conjugacy classes of the s-fold product U(m−
1)s.
This theorem enables us to replace the average over primitive odd characters modulo
polynomial Q of fixed degree N + 1 by a matrix integral over the unitary group U(N) (in
equation (5.8)).
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4. Variance in short intervals
The mean value. The mean value of Nαs;h, when we average over A ∈Mn is
〈Nαs;h〉 :=
1
qn
∑
A∈Mn
Nαs;h(A)
=
1
qn
∑
A∈Mn
∑
f∈I(A;h)
αs(f)
= qh+1
1
qn
∑
A∈Mn
∑
f∈I(A;h)
αs(f)
= qh+1〈αs〉n
In the rest of this section, we evaluate the variance of the number of sth-power-free poly-
nomials in short intervals given by Nαs;h. We apply, [Lemma 5.4, [5]] which gives an
expression for the variance of the short interval sums in terms of sums of certain arith-
metic function α, which is nice in the sense, α is even, α is multiplicative and symmetric
i.e., α(f⋆) = α(f), if f(0) 6= 0 under the map defined by, f⋆(t) := tdegff(1
t
), twisted by
primitive even Dirichlet characters. For such an α, as q →∞, Lemma 5.4, [5] gives,
V ar(Nα) =
1
Φev(Tn−h)2
∑
χ mod Tn−h
χ 6=χ0even
∣∣∣ n∑
m=0
α(T n−m)M(m;αχ)
∣∣∣2
(4.1)
Here Φev(f) denotes the number of even primitive characters modulo f ∈ Fq[t] and
M(m;αχ) :=
∑
f∈Mn
α(f)χ(f).
Since the indicator function for s-power-free polynomial αs satisfies all conditions of α, we
safely use [Lemma 5.4, [5]]. Hence we have the following result.
Lemma 4.1. As q →∞
Var(Nαs;h) =
1
Φev(T n−h)2
n∑
m1,m2=n−s+1
∑
χ mod Tn−h
χ 6=χ0even
M(m1, αsχ)M(m2, αsχ)(4.2)
where Φev(f) denotes the number of even primitive characters modulo f ∈ Fq[t] and
M(n;αsχ) :=
∑
f∈Mn
αs(f)χ(f).
Proof. By the definition of αs, we have
(4.3) αs(t
n−m) =
{
1, for m = n− s+ 1, ..., n − 1, n
0 otherwise.
From the expression for Variance, (See, equation(4.1) and Lemma 4.1) we have,
Var(Nαs;h) =
H
qn
n∑
m1,m2=0
αs(t
n−m1)αs(tn −m2)×
1
Φev(T n−h)
∑
χ mod Tn−h
χ 6=χ0even
n∑
m1,m2=0
αs(t
n−m1)αs(tn −m2)M(m1, αsχ)M(m2, αsχ)
(4.4)
combining the definition of αs (4.3) and with equation (4.4) the result (4.2) follows. 
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To compute the variance, we need to obtain an expression for M(n;αsχ). Consider the
generating function ∑
m≥0
M(m;αsχ)u
m =
L(u, χ)
L(us, χs)
For an even primitive character χ mod tn−h, L(u, χ) has a trivial zero at u = 1, hence we
may write (see equation (3.3))
L(u, χ) = (1− u)det(I − uq
1
2Θχ)
L(us, χs) = (1− us)det(I − usq
1
2Θsχ)
(4.5)
and writing (with N = degQ − 1)
det(I − uq
1
2Θχ) =
N∑
j=0
trΛj(χ)q
j
2uj
1
det(I − uq
1
2Θχ)
=
∞∑
l=0
trSyml(χ)q
l
2ul
(4.6)
Abbreviate as follows:
Λi(χ) := trΛi(Θi), Sym
i(χ) = trSymi(Θχ)
where Θχ ∈ U(n−h−2) is the unitarized Frobenius class. Therefore the generating function
of M(n;αsχ) for χ mod t
n−h such that, χ, ..., χs are primitive and even can be written as
follows:
L(u, χ)
L(us, χs)
=
(1− u)det(I − uq
1
2Θχ)
(1− us)det(I − usq
1
2Θχs)
L(u, χ)
L(us, χs)
= (1− u)
( N∑
j=0
Λj(χ)q
j
2uj
)(∑
k≥0
uks
)(∑
l≥0
Syml(χs)q
l
2uls
)
=
∑
m≥0
( ∑
j+sk+sl=m
0≤j≤N
l,k≥0
Λj(χ)Sym
l(χs)q
j+l
2 −
∑
j+sk+sl=m−1
0≤j≤N
l,k≥0
Λj(χ)Sym
l(χs)q
j+l
2
)
um
Hence, by expanding and comparing coefficients we have,
(4.7) M(m,αsχ) = Sχ(m)− Sχ(m− 1)
where for m ≥ 0
Sχ(m) :=
∑
j+sk+sl=m
0≤j≤N
l,k≥0
Λj(χ)Sym
l(χs)q
j+l
2
Now back to the variance formula, See, Lemma 4.1, equation(4.1), we can split the sum
into two parts: the sum over χ 6= χo mod t
n−h, χ ∈ Γevprim(t
n−h) and the sum over even,
non primitive characters mod tn−h. The first sum will give the main term, since most of the
even characters are also primitive and the second sum will give an error term.
Lemma 4.2. Let χ be a primitive even character modtn−h. Then for any m, we have
(4.8)
n∑
m=0
αs(t
n−m)M(m,αsχ) =
n∑
m=n−s+1
M(m,αsχ)
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Proof. This follows diectly from the definition of αs(t
n−m) Since,
αs(t
n−m) =
{
1 if m = n− s+ 1, ..., n
0 if m = n− s, ..., 0.
Hence the equation (4.8). 
Theorem 4.3. Let 0 ≤ h ≤ n− 5 then in the limit q →∞,
Var(Nαs;h) ∼
{
q
h+2−s
s , n ≡ N mod s
q
h+2−s−λj
s n 6≡ N mod s
Proof. From equations, (4.7) and (4.8), we see that,
n∑
m=n−s+1
M(m,αsχ) =
n∑
m=n−s+1
Sχ(m)− Sχ(m− 1) = Sχ(n)− Sχ(n− s)
For χ even and primitive consider inner sum in the variance formula: Hence we get,
n∑
m1,m2=n−s+1
M(m,αs, χ)M(m,αs, χ)
= |Sχ(n)|
2 + |Sχ(n− s)|
2 − Sχ(n)Sχ(n− s)− Sχ(n)Sχ(n − s)
The largest power of q is obtained in the first sum, Hence the contribution of even primitive
characters to the Varince formula is
(4.9)
H
qn
1
Φev(T n−h)
∑
χ mod Tn−h
χ 6=χ0,primitive,even
|Sχ(n)|
2 +
∑
χ mod Tn−h
χ 6=χ0,primitive,even
s(χ, j, k, l)
where s(χ, j, k, l) is the lower order term of q by the choice of j, k, l, hence negligible. The
above sum after substituting for
Sχ(n) =
∑
j+sk+sl=m
0≤j≤N
l,k≥0
Λj(χ)Sym
l(χs)q
j+l
2
is
(4.10)
H
qn
1
Φev(T n−h)
∑
χ mod Tn−h
χ 6=χ0,primitive,even
|
∑
j+sk+sl=m
0≤j≤N
l,k≥0
q
j+l
2 Λj(χ)Sym
l(χs)|2 +
∑
χ mod Tn−h
χ 6=χ0,primitive,even
s(χ, j, l)
By using the equidistribution result Theorem 3.1 (ii) we get
(4.11)
1
Φev(T n−h)
∑
χ mod Tn−h
χ 6=χ0,primitive,even
|Λj(χ)Sym
l(χs)|2 ∼
∫∫
PU(n−h−2)
|trΛj(U1)trSym
l(U2)|
2dU1dU2
It is well known that Λj and Symj are distinct irreducible representations of the unitary
group U(N), and hence one gets [Section 4.6,[6]]∫
U(N)
trΛj(U)trΛi(U)dU = δj,i
and∫
U(N)
trSymj(U)trSymj(U)dU = δj,i
(4.12)
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Now, using equations (4.12), sum in equation (4.10) becomes:
H
qn
1
Φev(T n−h)
∑
χ mod Tn−h
χ 6=χ0,primitive,even
qj+l|Λj(χ)Sym
l(χs)|2 ∼
H
qn
∑
j+sl=n
0≤j≤N
l,k≥0
qj+l
Next, it remains to evaluate the sum:
S(n) :=
∑
j+sl=n
0≤j≤N=n−h−2
l,k≥0
qj+l
The highest power of q is obtained when
j = N = n− h− 2
then
l =
n−N
s
=
h+ 2
s
Therefore, the largest power of q is :
q
s(n−h−2)+h+2
s ,
There are O(Φev(T
n−h)
q
) = O(qn−h−2) non primitive even characters modtn−h. From the
above calculation, it follows that, the sum over all nonprimitive characters is estimated to
be, O(q−2(n−h−1) · qn−h−2 · q
s(n−h−2)+h+2
s ). Hence, as q →∞
S(n) ∼ q
s(n−h−2)+h+2−λj
s for n ≡ N + λj mod s and λj ∈ {0, 1, 2..., (s − 1)}
(4.13) S(n) ∼

 q
s(n−h−2)+h+2
s , n ≡ N mod s
q
s(n−h−2)+h+2−λj
s n 6≡ N mod s
Therefore substituting the value S(n) in equation(4.9), we get
Var(Nαs;h) ∼
H
qn
S(n)
(4.14) Var(Nαs;h) ∼
{
q
h+2−s
s , n ≡ N mod s
q
h+2−s−λj
s n 6≡ N mod s

This completes proof of Theorem 4.3.
5. Variance in arithmetic progressions
Given a polynomial Q ∈ Fq[t], the average of Sαs;n;Q when we vary A over residue classes
coprime to Q equals to
(5.1) 〈Sαs,n;Q〉 =
1
Φ(Q)
∑
f∈Mn
(f,Q)=1
αs(f) =
1
Φ(Q)
∑
f∈Mn
χ0(f)αs(f)
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We present a formula for variance of Sαs,n;Q using Dirichlet characters, [[5], sec 4.1].
We start with the following expansion, using the first orthogonality relation for Dirichlet
characters, on arithmetic progression:
(5.2) Sαs;n;Q =
1
Φ(Q)
∑
f∈Mn
(f,Q)=1
αs(f) +
1
Φ(Q)
∑
χ 6=χ0
χ(A)M(n, αsχ)
where
M(n, αsχ) =
∑
f∈Mn
αs(f)χ(f)
Contribution of trivial character is equal to the average of Sαsn;Q(A). Therefore,
Sαs,n;Q − 〈Sαs,n;Q〉 =
1
Φ(Q)
∑
χ 6=χ0 mod Q
χ(A)M(n, αsχ)
using the above and the second orthogonality relation for Dirichlet character, we have the
following expression for the variance.
(5.3) V ar(Sαs;n;Q) = 〈|Sαs;n;Q − 〈Sαs;n;Q〉
2|〉 =
1
Φ(Q)2
∑
χ 6=χ0
|M(n;αsχ)|
2
Theorem 5.1. Let Q be a prime polynomial and set N := degQ − 1, then in the limit
q →∞ the following holds:
Proof. The generating function of M(n;αsχ) is
∞∑
n=0
M(n;αsχ)u
n =
L(u, χ)
L(us, χs)
If both χ, χs are primitive odd characters (which happens for almost all χ), then from
equation (3.3)
L(u, χ) = det(I − uq
1
2Θχ)
L(us, χs) = det(I − usq
1
2Θsχ)
(5.4)
and writing (with N = degQ − 1)
det(I − uq
1
2Θχ) =
N∑
j=0
trΛj(χ)q
j
2uj
1
det(I − q
1
2usΘsχ)
=
∞∑
l=0
trSyml(χs)q
l
2usl
(5.5)
Abbreviate as follows:
Λi(χ) := trΛi(Θi), Sym
i(χ) = trSymi(Θχ)
Hence for n ≥ N , we have,
(5.6) M(n, αsχ) =
∑
j+sl=n
0≤j≤N
l≥0
Λj(χ)Sym
k(χs)q
j+l
2
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Therefore, by using the formula for the variance, given in (5.3), we have
V ar(Sαs;n;Q) =
1
Φ(Q)2
∑
χ 6=χ0
χ∈Γs−odds−prim(Q)
|M(n;αsχ
s)|2
=
1
Φ(Q)2
∑
χ 6=χ0
χ∈Γs−odd
s−prim
(Q)
|
∑
j+sl=n
0≤j≤N
l≥0
Λj(χ)Sym
k(χs)q
j+l
2 |2
(5.7)
We invoke Theorem 3.2(ii) which asserts, the collection of s-tuples of congugacy classes
Θχ,Θχ2 , ...,Θχs are uniformly distributed in U(degQ− 1),
1
Φ(Q)2
∑
χ 6=χ0
χ∈Γs−odds−prim(Q)
|
∑
j+sl=n
0≤j≤N
l≥0
Λj(χ)Sym
k(χs)q
j+l
2 |2
∼
1
Φ(Q)
∫∫
U(N)
∣∣∣ ∑
j+sl=n
0≤j≤N
l≥0
q
j+l
2 trΛj(U1)trΛl(U2)
∣∣∣2dU1dU2(5.8)
From equations (4.12) we arrive at
1
Φ(Q)2
∑
χ 6=χ0
χ∈Γs−odds−prim(Q)
|M(n;αsχ
s)|2 ∼
1
Φ(Q)
∑
j+sl=n
0≤j≤N
l≥0
qj+l
Next, we want to evaluate
(5.9) S(n) :=
∑
j+sl=n
0≤j≤N
l≥0
qj+l =
∑
0≤j≤N
j≡n mod s
q
n+j(s−1)
s
The highest power of q is attained when j = N. Hence,
(5.10) S(n) ∼ q
n+N(s−1)
s
−λj
s , for n ≡ N + λj mod s and λj ∈ {0, 1, 2...(s − 1)}
Therefore,
(5.11) S(n) ∼
{
q
n+N(s−1)
s , n ≡ N mod s
q
n+N(s−1)
s
−λj
s n 6≡ N mod s
The number of even characters is Φev(Q) =
Φ(Q)
q−1 and the number of non-primitive char-
acters is O(Φ(Q)/q), hence the number of characters which are not odd and primitive is
O(Φ(Q)/q). Hence,
V ar(Sαs;n;Q) ∼


1
Φ(Q)q
n+N(s−1)
s , n ≡ N mod s
1
Φ(Q)q
n+N(s−1)
s
−λj
s n 6≡ N mod s

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